In this paper we consider quantum resources required to maximize the mean values of any nontrivial quantum observable. We show that the task of maximizing the mean value of an observable is equivalent to maximizing some form of coherence, up to the application of an incoherent operation. As such, for any nontrivial observable, there exists a set of preferred basis states where the superposition between such states is always useful for optimizing a quantum observable. The usefulness of such states is expressed in terms of an infinitely large family of valid coherence measures which is then shown to be efficiently computable via a semidefinite program. We also show that these coherence measures respect a hierarchy that gives the robustness of coherence and the l 1 norm of coherence additional operational significance in terms of such optimization tasks. *
I. INTRODUCTION
Quantum coherence has long been recognized as a fundamental aspect of quantum mechanics. In comparison however, the identification of quantum coherence as a useful and quantifiable resource is a much more recent development. Progress in this area has been greatly accelerated via the introduction of the so-called resource theoretical framework [1] [2] [3] . Inspired by the resource theory of entanglement [4, 5] , the notion of what quantum coherence is, as well as how it is to be quantified is now axiomatically defined, thus allowing quantum coherence phenomena to be discussed much more unambiguously. Since this development, many coherence measures have been proposed. Some known measures now include geometric measures [2] , the robustness of coherence [6, 7] , as well as entanglement based measures [8] . Coherence measures are have now been studied in relation to a diverse range of quantum effects such as the quantum interference [9] , exponential speed-up of quantum algorithms [10, 11] and quantum metrology [12, 13] , nonclassical light [14] [15] [16] , quantum macroscopicity [17, 18] and quantum correlations [19] [20] [21] [22] [23] . An overview of coherence measures and their structure may be found in [24, 25] .
The computation of such coherence measures usually require full prior knowledge of the input states, which in many cases is difficult to achieve. In contrast, a coherence witness is typically much simpler to implement in the laboratory. The problem of witnessing coherence is equivalent to the problem of constructing some Hermitian observable W which permits positive values Tr(ρW ) > 0 only when ρ is coherent (note that the converse may not be true). In general, for any given coherent state ρ, such a witness can always be found [6] .
In this paper, we show that the existence of coherence witnesses may in fact be far more prevalent than one would initially expect. In fact, we demonstrate that every nontrivial Hermitian observable is a witness for at least some form of coherence. This suggests that one does not always need additional apparatus in order to detect coherence -the existence of coherence in many cases may be inferred from existing measurements. We then consider the task of optimizing some objective function M where M is a quantum observable, and
show that the task of optimizing the observable is the same as the task of maximizing the coherence of the input state, up to some incoherent operation. We then show that this leads to an infinitely large class of coherence measures that is computable via a semidefinite
program. We also demonstrate that the robustness of coherence and the l 1 norm of coherence establishes the quantum limits of such tasks.
II. PRELIMINARIES
We review some elementary concepts concerning coherence measures, quantum channels and semidefinite programs.
We first briefly describe the formalism of quantum channels, which we take here to mean the set of all Completely Positive, Trace Preserving (CPTP) maps. There are several equivalent characterizations of quantum maps, but for our purposes, we will be concerned with the Kraus [26] and the Choi-Jamiolkowski representations [27, 28] . In the Kraus representation, a quantum operation is represented by a map of the form Φ(ρ) = i K i ρK † i which is completely specified by a set of operators {K i } called Kraus Operators. The Kraus operators must satisfy the completeness relation i K † i K i = 1 1 in order to qualify as a valid quantum operation. In the Choi-Jamiolkowski representation, a quantum map Φ is represented by 
The notion of coherence that we will employ in this paper will be the one identified in [1, 2] , where a set of axioms are identified in order to specify a reasonable measure of quantum coherence. The axioms are as follows:
For a given fixed basis {|i }, the set of incoherent states I is the set of quantum states with diagonal density matrices with respect to this basis. Incoherent completely positive and trace preserving maps (ICPTP) are maps that map every incoherent state to another incoherent state. Given this, we say that C is a measure of quantum coherence if it satisfies following properties: (C1) C(ρ) ≥ 0 for any quantum state ρ and equality holds if and only if ρ ∈ I. (C2a) The measure is non-increasing under a ICPTP map Φ , i.e., C(ρ) ≥ C(Φ(ρ)).
(C2b) Monotonicity for average coherence under selective outcomes of ICPTP:
, for any density matrix ρ and σ with 0 ≤ λ ≤ 1.
One may check that a particular operation is incoherent if its Kraus operators always maps a diagonal density matrix to another diagonal density matrix. One important example of such an operation is the CNOT gate. We can also additionally distinguish between the maximal set of ICPTP maps, which from now on we refer to as maximally incoherent operations (MIO) from the set of ICPTP maps whose Kraus operators that additionally satisfy K n IK † n ⊆ I, which we refer to as simply incoherent operations (IO) . From this definition, it is clear that IO ⊂ MIO.
Finally, we review some basic notions regarding semidefinite programs. A semidefinite program is a linear optimization problem over the set of positive matrices X, subject to a set of constraints that can be expressed in the following form:
where A and B i are Hermitian matrices and φ i is a linear, Hermiticity preserving map (i.e. it maps every Hermitian matrix to another Hermitian matrix) representing the ith constraint. The above is called the primal problem. The optimal solution to the primal problem is always upper bounded by the optimal solution to the dual problem, when they exist. The dual problem may be written as the following optimization problem over all possible Hermitian matrices Y i :
In this case, φ * i refers to the conjugate map that satisfies
every matrix C and D.
In fact, the solutions to the primal and dual problems are almost always equal except in the most extreme cases. Nonetheless, this still needs to be verified on a case by case basis. A sufficient condition for both primal and dual solution to be equal is called Slater's Theorem, which states that if the set of positive matrices X that satisfies all the constraints φ i is nonempty, and if the set of Hermitian matrices {Y i } that satisfies the strict inequality
is also nonempty, then the optimal solutions for both problems, also referred to as the the optimal primal value and the optimal dual value, must be equal. Proof. We first observe that any incoherent operation represented by some set of incoherent
Kraus operators {K

IO
i } is, by definition, also a maximally incoherent operation. Note that for any set of maximally incoherent operations {Ω 
, we then have the following series of inequalities:
where
). We note that the last line is simply the expression for strong monotonicity, which proves the result for the case when O is MIO. Identical arguments apply when considering IO, which completes the proof.
In the above, we see that the optimization over MIO in fact yields a valid coherence monotone in within the regime of IO, so in fact, drawing a sharp distinction between the two sets of operations is not always necessary.
We note that satisfying strong monotonicity qualifies the quantity to be considered a coherence monotone, but is insufficient to qualify it to be considered as a coherence measure.
In order for that to happen, we still need to demonstrate that max Φ∈O Tr(M Φ(ρ)) = 0 iff ρ is an incoherent state, and max Φ∈O Tr(M Φ(ρ)) > 0 whenever ρ is a coherent state. It is clear that this is only true for some special cases of M . However, the following theorem shows that even if M does not by itself satisfy the above condition, it is still always possible to construct a valid coherence measure using M . Furthermore, for every nontrivial quantum observable M , the quantity
is always a valid coherence measure w.r.t. the basis {|i }. The set of quantum maps O may be subtituted with either MIO or IO. In order to prove this, recall that in the basis {|i }, the diagonal elements of M is all zero.
Therefore, there always exists some projection onto a 2 dimensional space M such that the corresponding submatrix has the form   0 r r * 0   . We can assume without loss of generality that the projection is onto the subspace {|0 , |1 }, since at this point, the numerical labelling of the basis is arbitary.
For some coherent quantum state ρ, there is at least one nonzero off-diagonal element.
Since basis permutation is an incoherent operation, we can assume the nonzero off-diagonal element is ρ 01 . In fact, we can assume that it is the only nonzero off diagonal element as we ca freely project onto the subspace spanned by {|0 , |1 } and completely dephase the rest of the Hilbert space via an incoherent operation, which allows us to prove the general result by only considering the 2 dimensional case. Suppose this leads to a 2 dimensional submatrix of the form
 where a is nonzero since ρ is coherent. is always zero.
Directly computing Tr
Proof. Let the dimension of the Hilbert space be d. We then have
. Since We now prove the following: 
This implies that β i | (M −
Proof. We begin by first noting that the matrix X can be written as the matrix
The * indicates possible nonzero elements, but they do not appear in the objective function we are trying to optimize, nor do they appear within the linear constraints, so they can be arbitrary so long as X ≥ 0. The matrix A written in matrix form looks like All that remains is for us to prove that under the set of constraints
for all i = 1, . . . , d and j = 1, . . . , d, Φ must be a maximally incoherent operation. We first note that the number Tr ABC (X |j A j| ⊗ |i B i| ⊗ |2 C 2|) is just the main diagonal elements of the matrix X 2 , so it must be nonnegative since X is positive and X 2 is a principle submatrix of X. We can therefore rewrite the constraint as Tr BC (X1 1 A ⊗|i B i|⊗|1 C 1|) = j λ i,j |j A j| where λ i,j is nonnegative. This necessarily means that every incoherent state |i i| is mapped to a diagonal state j λ i,j |j j| under the quantum map represented by X 1 , which defines maximally incoherent operations, and completes the proof.
Given the primal problem in Theorem 3, we can also write down the dual problem, which is detailed in the following corollary: 
Furthermore, the optimal primal value is equal to the optimal dual value.
Proof. The first constraint in the primal problem can be written as φ(X) := Tr AC (X |1 C 1|) = 1 1 B . The conjugate map can be verified to be the map φ
The rest of the constraints can be written as
In this case the conjugate map is
Summing over the variable i, we have
The dual program can therefore be written as:
The third line of the constraint is actually just subject to 1 
which is the form that was presented in the corollary. Finally, we just need to check that the primal and dual programs satisfies Slater's conditions. For the primal problem, the optimization is over all MIO's, so the primal feasible set is nonempty (for instance, we can just consider the Choi-Jamiolkowski representation of the identity operation, which also falls under MIO). Furthermore, there exists at least one set of Y 
V. RELATION TO ROBUSTNESS AND l 1 NORM OF COHERENCE
It was observed in [6] that the robustness of coherence C R , which may be interpreted as the minimal amount of quantum noise that can be added to a system before it becomes incoherent, is a coherence measure that is also simultaneously an observable. That is, for any state ρ, there always exists some optimal witness W ρ such that Tr(W ρ ρ) = C R (ρ). It was also demonstrated that the l 1 norm upper bounds the robustness, so C R (ρ) ≤ C l 1 (ρ).
The following theorem shows that both the robustness and the l 1 norms of coherence are fundamental upper bounds of C O M . We note that in [30] , it was also observed that when M is a witness that achieves its maximum value for the maximally coherent state, then C IO M is upper bounded by the l 1 norm of coherence under certain normalization conditions. Theorem 4 (Hierarchy of coherence measures). For any given state ρ and observable M , the following hierarchy of the coherence measures holds:
and λ min (M ) is the smallest eigenvalue of the observable M .
Furthermore, all the inequalities are tight.
Proof. In [6] , it was shown that C R (ρ) is equivalent to maximizing TrρW over all Hermitian observables W , subject to the constraint that W ≥ −1 1 and that the diagonal entries of W are nonnegative. Note that our convention differs from the one presented in [6] by a negative sign.
We always displace M and consider the matrix M = M − 
To see that the inequalities are in fact tight, we need to demonstrate that there are cases of M and ρ where equality is achieved. It is already known that when the dimension of the system is d = 2 then the robustness is identical to the l 1 norm of coherence [6] . Furthermore, we know that for any ρ there always exists W ρ where Tr(W ρ ρ) = C R (ρ). In this case, we can simply choose M = W ρ , which is enough to achieve
is achieved when the input state ρ is the maximally coherent state and we choose M = ρ. Therefore, all the inequalities are tight. One may also choose to instead find the 'optimal' measure by finding then implementing the optimal observable achieving Tr(W ρ ρ) = C R (ρ) [6] . However, the physical implementation of such an observable W ρ is not always simple. Moreover, if one were interested to quantify the total coherence in the system, there is also no computational advantage to finding the robustness since both C ]. For pure state, C l 1 and C R matches in general.
was discussed in this article. For instance, in [13] , superradiance is studied within the context of coherence. In the idealized model for superradiance, there are N -number of two-level atomic systems with the energy levels denoted by e (i) and g (i) respectively.
From this, we define the raising and lowering operators acting on the ith subsystem as
e (i) , and the collective component of the emission rate, referred to as the superradiant quantity, is
− . We see that S N is a traceless observable whose leading diagonal elements are all zero in the axis defined by e (i) and g (i) . This neatly falls underneath our framework, so any witnessing of superradiance is in fact, a witness of coherence between these basis states and a computable measure C MIO S N may be constructed. We note that this is a considerable improvement upon the original measure in [13] , which uses the computationally difficult convex roof construction in order to generalize the measure to a general mixed state. A comparison of C MIO S N with other coherence measures for the pure state |ψ(θ) = (cos(θ) |g + sin(θ) |e ) ⊗3 is shown in Figure 2 . Another example that falls under our framework is the fidelity of coherence distillation [29] .
VII. CONCLUSION
In this article, we demonstrated that every nontrivial Hermitian observable M corresponds to a coherence witness and to every coherence witness, there corresponds a coher- A key conclusion of our results is that coherence witnesses and computable measures are in fact plentiful. This may in many cases allows coherence to be verified in the laboratory by simply inferring them from the existing measurement outcomes, without requiring additional specialized equipment. Moreover, the measurement outcomes of such observables are always, up to a constant displacement, a lower bound to a coherence measure C O M . Moreover, due to the hierarchy of coherence measures, they can alsko be used to find non-trivial lower bounds to the robustness of coherence and the l 1 without requiring full quantum state tomography.
We hope that the techniques presented here will be useful to simplify the requirements for teh detection of nonclassical quantum effects in the laboratory, as well as allow new interesting coherence measures with novel physical interpretations to be discovered.
